THE MODULI SPACE OF 5 POINTS ON AND K3 SURFACES 



SHIGEYUKI KONDO 

Abstract. We show that the moduH space of ordered 5 points on is isomorphic to an arithmetic 
quotient of a complex ball by using the theory of periods of K3 surfaces. We also discuss a relation 
between our uniformization and the one given by Shimura (Sj, Terada ITel . Deligne-Mostow IDMl . 



Dedicated to Professor Yukihiko Namikawa on his 60th birthday 
1. Introduction 

The purpose of this note is to show that the moduli space of 5 ordered points on is isomorphic to 
an arithmetic quotient of a 2-dimensional complex ball by using the theory of periods of K3 surfaces 
(Theorem 16.1 Oil . This was announced in IIK2I . Remark 6. The main idea is to associate a K3 surface 
with an automorphism of order 5 to a set of 5 ordered points on P^ (see [Q. The period domain 
of such K3 surfaces is a 10-dimensional bounded symmetric domain of type IV. We remark that 
a non-zero holomorphic 2-form on the K3 surface is an eigen-vector of the automorphism, which 
implies that the period domain of the pairs of these K3 surfaces and the automorphism of order 5 is 
a 2-dimensional complex ball associated to a hermitian form of the signature (1,2) defined over Z[Q 
where C is a primitive 5-th root of unity (see l6.3l ). Here we use several fundamental results of Nikulin 
HNll . PN2|, [N3 1 on automorphisms of K3 surfaces and the lattice theory. 

Note that this moduli space is isomorphic to the moduli space of nodal del Pezzo surfaces of degree 
4. For the moduli space of del Pezzo surfaces of degree 1, 2 or 3, the similar description holds. See 
El, Remark 5, IKIJ, fiDGKI . respectively. 

On the other hand, Shimura [S|, Terada [Te|, Deligne-Mostow UDMI gave a complex ball uni- 
formization by using the periods of the curve C which is the 5-fold cyclic covering of P^ branched 
along 5 points. We shall discuss a relation between their uniformization and ours in |7] In fact, the 
above K3 surface has an isotrivial pencil whose general member is the unique smooth curve D of 
genus 2 admitting an automorphism of order 5 (see Lemma U!?t . We show that the above K3 surface 
is birational to the quotient of C x D by a diagonal action of Z/5Z in ^ 

In this paper, a lattice means a Z-valued non-degenerate symmetric bilinear form on a free Z- 

module of finite rank. We denote by f/ orV the even lattice defined by the matrix ^ ^ , ^ , 

respectively and by A^, Dn or Ei the even negative definite lattice defined by the Dynkin matrix of 
type Am, Dn or Ei respectively. If L is a lattice and m is an integer, we denote by L(m) the lattice 
over the same Z-module with the symmetric bilinear form multiplied by m. We also denote by L®"^ 
the orthogonal direct sum of m copies of L, by L* the dual of L and hy Al the finite abelian group 
L*/L. 

Acknowledgments. The author thanks to Igor Dolgachev for stimulating discussions and useful 
suggestions. In particular the result in l3.5l is due to him. 
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2. QuARTic Del Pezzo surfaces 

2.1. Five points on P^. Consider the diagonal action of PGL(2) on (P^)^. In this case, the semi- 
stable points and stable points in the sense of [MuJ coincide and the geometric quotient Pf is smooth 
and compact. The stable points are {pi, ...,^5} no three of which coincide. It is known that Pf is 
isomorphic to the quintic del Pezzo surface P5, that is, a smooth surface obtained by blowing up 
four points {qi, q^} in general position on P^ (e.g. Dolgachev [D|, Example 11.5). The quintic 
del Pezzo surface P5 contains 10 lines corresponding to the 4 exceptional curves over gi, ^4 and 
the proper transforms of 6 lines through two points from {gi, q^}. These ten lines correspond to 
the locus consisting of {pi, ...,^5} with pi = pj for some The group of automorphisms of V5 is 
isomorphic to the Weyl group 14^(^4) ~ S5 which is induced from the natural action of S5 on (P^)^. 

2.2. Quartic Del Pezzo surfaces. Let S* be a smooth quartic Del Pezzo surface. It is known that S 
is a complete intersection of two quadrics in P"^. Consider the pencil of quadrics whose base locus is 
S. Its discriminant is a union of distinct five points of P^. Conversely any distinct five points (1 : Aj) 
on P\ the intersection of quadrics 

5 5 

(2.1) E^' = E^^^' = o 

i=l i=l 

is a smooth quartic Del Pezzo surface. Thus the moduli space of smooth quartic Del Pezzo surfaces 
is isomprphic to (((P^)^ \ A) /PGL(2))/S'5 where A is the locus consisting of points (xi, x^) with 
Xi = Xj for some i,j (i 7^ j). If five points are not distinct, but stable, the equation (12.11) defines a 
quartic Del Pezzo surface with a node. Thus Pf is the coarse moduli space of nodal quartic Del Pezzo 
surfaces. 

3. K3 SURFACES ASSOCIATED TO FIVE POINTS ON P^ 

3.1. A plane quintic curve. Let {pi, ps} be an ordered stable point in (P^)^. It defines a homoge- 
nious polynomial /5(a;i, X2) of degree 5. Let C be the plane quintic curve defined by 

5 

(3.1) xl = f5{xi,X2) = Y\_i^l - ^1^2) 

i=l 

The projective transformation 

(3.2) g : {xq-.Xi: X2) — > {(xq : Xi : X2) 

acts on C as an automorphism of C of order 5 where C is a primitive 5-th root of unity. Let Eq, Li 
(1 < z < 5) be lines defined by 

Eq: Xo = 0, 
Li : Xi = \iX2- 

Note that all Lj are members of the pencil of lines through (1:0:0) and Lj meets C at (0 : Aj : 1) 
with multiplicity 5. 
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3.2. K3 surfaces. Let X be the minimal resolution of the double cover of branched along the 
sextic curve Eq + C . Then X is a K?) surface. We denote by r the covering transformation. The 
projective transformation g in (13.21) induces an automorphism a of X of order 5. We denote by the 
same symbol Eq the inverse image of Eq. 

Case (i) Assume that the equation = has no multiple roots. In this case there are 5 (— 2)-curves, 
denoted hy Ei {\ < i < h), obtained as exceptional curves of the minimal resolution of singularities 
of type Ai corresponding to the intersection of C and Eq. The inverse image of Lj is the union of two 
smooth rational curves Fj, Gi such that Fi is tangent to Gi at one point. Let p, q be the inverse image 
of (1 : : 0). We may assume that all Fi ( resp. Gi ) are through p (resp. q). Obviously a preserves 
each curve Ei, Fj, Gj {0 < i < 5,1 < j < 5) and r preserves each Ei and T(Fj) = Gi. 

Case (ii) If /s = has a multiple root, then the double cover has a rational double point of type 
Dt. Hence X contains 7 smooth rational curves E',, (1 < j < 7) whose dual graph is of type Dj. We 



assume that E[ meets Eo and {E[, E'^) = {E',, E',) = {E'„ E',) = {E',, E',) = {E'„ E',) = {E'„ E',) = 



1. If \i is a multiple root, then Fi and Gi are disjoint and each of them meets one componet of D-j, 
for example, F^ meets E'^ and Gi meets E'^j. 

3.3. A pencil of curves of genus two. The pencil of lines on through (1:0:0) gives a pencil of 
curves of genus two on X. Each member of this pencil is invariant under the action of the automor- 
phism cr of order 5. Hence a general member is a smooth curve of genus two with an automorphism 
of order five. Such a curve is unique up to isomorphism and is given by 



(see Bolza |Bol|). If Aj is a simple root of the equation /s = 0, then the line Li defines a singular 
member of this pencil consisting of three smooth rational curves Ei -\- Fi -\- Gi. We call this singular 
member a singular member of type I. If Aj is a multiple root of /s = 0, then the line defines a 
singular member consisting of nine smooth rational curves E[, E'-j, Fi, Gi. We call this a singular 
member of type II. The two points p, q are the base points of the pencil. After blowing up at p, q, we 
have a base point free pencil of curves of genus two. The singular fibers of such pencils are completly 
classified by Namikawa and Ueno IINUII . The type I (resp. type II) corresponds to [IX-2] (resp. [IX-4] 
) in |NU|. We now conclude: 

3.4. Lemma. The pencil of lines on P^ through (1:0:0) gives a pencil of curves of genus two on 
X. A general member is a smooth curve of genus two with an automorphism of order five. In case 
that /s = has no multiple roots, it has five singular members of type L In case that /s = has 
a multiple root {resp. two multiple roots), it has three singular members of type I and one singular 
member of type II {resp. one of type I and two of type II). 

3.5. A 5-fold cyclic cover of P^ x P^. The following is due to I. Dolgachev. The above surface 
has an automorphism of order 5 by construction. This implies that X is obtained as a 5-fold cyclic 
cover of a rational surface. Let D be a divisor of P^ x P^ defined by 



where li, are the fibers of the first projection from P^ x P^ over the five points determined by 
the polynomial f^{xi,X2) in ( 13. It . and mi,m2, are three fibers of the second projection which are 
unique up to projective transformations. Take the 5-cyclic cover of P^ x P^ branched along D. Then 



(3.3) 



y2 = a;(a;5 _^ 



(3.4) 



D = 4(/i + ■ ■ ■ + /s) + mi + ma + Smg 
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taking the normalization and resolving the singularities, and blowing down the proper transforms of 
li, nil, 1712, rus which are exceptional curves of the first kind, we have a K3 surface Y. Locally 
the singularities over the intersection points of k and mi, 1712 are given by = x^y and those over 
the intersection points of and are given by = x'^y^. Note that the ruling of the first projection 
from X gives a pencil of curves of genus 2 on F. On the other hand, consider the involution of 
P^ X P^ which changes nii and m2, and fixes ms. Let be the another fixed fiber of this involution. 
Then this involution induces an involution of Y which fixes the inverse image C of 1714,. The last curve 
C corresponds to the plane quintic curve given in (I3.1I ). 

4. PiCARD AND TRANSCENDENTAL LATTICES 

In this section we shall study the Picard lattice and the transcendental lattice of K3 surfaces X 
given in 13.21 We denote by Sx the Picard lattice of X and by Tx the transcendental lattice of X. 

4.1. The Picard lattice. 

4.2. Lemma. Assume that /5 = has no multiple roots. Let S be the sublattice generated by Eq and 
components of the sinsular members of the pencil in Lemma U^ Thenrank{S) = 10 and det{S) = 5^. 
Moreover if X is generic in the sense of moduli, then the Picard lattice Sx = S. 

Proof. First note that the dimension of Pf is 2. On the other hand, X has an automorphism a of 
order 5 induced from g given in (13.21) which acts non trivially on H^{X, Nowhere vanishing 
holomorphic 2-forms are eigenvectors of a* . We can see that the dimension of the period domain is 
(22 — rank(S'x))/(5 — 1) ([N2|, Theorem 3.1. Also see the following section |^. Hence the local 
Torelli theorem implies that rank(S'x) = 10 for generic X. Let Sq be the sublattice of Sx generated 
by Ei, Fi, (1 < i < 5). Then a direct calculation shows that rank(S'o) = 10 and det(S'o) = ±5^. The 
first assertion now follows from the relations: 

5 

5Eo = 5^(F,-2Ei), 

1=1 

Gi + F, = 2Eo+Y,Er 

Note that ~ (Z/SZ)^. Now assume that rank(5x) = 10. If Sx ^ S, then S d Sx d S* and 
hence there exists an algebraic cycle C not contained in S and satisfying 

5 4 
5C = ^ aiEi + ^ hiFi, ai, h E Z. 

4=0 i=l 

By using the relations 

(5C, Ei) = (mod 5), (5C, Fi) = (mod 5), 

we can easily show that 

ttj = (mod 5), bi = (mod 5). 
This is a contradiction. □ 
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4.3. Discriminant quadratic forms. Let L be an even lattice. We denote by L* the dual of L and 

put Az, = L*/L. Let 



Ql-Al^ Q/2Z 
be the discriminant quadratic form defined by 

qii^x mod L) = (x, x) mod 2Z 

and 

hL-.A^xAL^ Q/Z 
the discriminant bilinear form defined by 

hL{x mod L, y mod L) = (x, y) mod Z. 
Let S be as in Lemma Then is generated by 

a={Ei + 2Fi + 3F2 + 4E2)/5, [3 = {Ei + 2Fi + 3F3 + 4^3)75, 7 = (^1 + 2Fi + 3F4 + 4^4)75 
with qs{a) = qs{(3) = qs{l) = -4/5, and bs{a, (3) = bs{(3, 7) = ^5(7, a) = 3/5. 

4.4. The transcendental lattice. Let T be the orthogonal complement of S in H'^ (X, Z) . For generic 
X, T is isomorphic to the transcendental lattice Tx of X which consists of transcendental cycles, that 
is, cycles not perpendicular to holomorphic 2-forms on X. 

4.5. Lemma. Assume that has no multiple roots. Then 

S ® Ai® Ai, T ®V ® Ai® Ai 

where VorU is the lattice defined by the matrix ^r\y (? n). respectively. 



I -2)' \l 0^ 

Proof. We can see that qs and the discriminant quadratic form of V© A4© coincide. Also note that 
Qt = —Qs (Nikulin [JSflJ . Corollary 1.6.2). Now the assertion follows from Nikulin LNIJ . Theorem 
1.14.2. □ 

4.6. Lemma. Let Si be the sublattice generated by Eq and components of the singular members of 
the pencil in Lemma \3.4\ where i = 1 or 2 is the number of multiple roots of /s = 0. Let Ti be the 
orthogonal complement of Si in H'^{X, Z). Then 

Si-V®E8®Ai, Tic^U®V®Ai, 

S2^V®E8®E8, T2^U®V. 
Proof. The proof is similar to those of Lemmas 14.21 14.51 □ 
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4.7. The Kahler cone. Let Sx be the Picard lattice of X. Denote by P(X)+ the connected compo- 
nent of the set {x G ® M : (x, x) > 0} which contains an ample class. Let A(X) be the set of 
effective classes r with = —2. Let 

C{X) = {xe P{X)+ : (x,r) > 0,r G A(X)} 

which is called the Kahler cone of X. It is known that C{X) fl Sx consists of ample classes. Let 
W{X) be the subgroup of 0{Sx) generated by reflections defined by 

Sr '■ X X + {x, r)r, r G A(X). 

Note that the action of W{X) on Sx can be extended to H'^{X, Z) acting trivially on Tx because 
r E Sx = T^- The Kahler cone C{X) is a fundamental domain of the action of W{X) on P(X)+. 

5. Automorphisms 

We use the same notation as in §3, 4. In this section we study the covering involution r of X over 
and the automorphism cr of X of order 5. 

5 .1. The automorphism of order 2. 

5.2. Lemma. Let t = r*. Then the invariant sublattice M = /f^(X, Z)^'^ is generated by Ei 
{0<i< 5). 

Proof. Note that M is a 2-elementary lattice, that is, its discriminant group Am = M* /M is a finite 
2-elementary abelian group. Let r be the rank of M and let / be the number of minimal generator of 
Am = (Z/2Z)'. The set of fixed points of r is the union of C and Eq. It follows from Nikulin [N3|, 
Theorem 4.2.2 that (22 — r — l)/2 = g{C) = 6 and the number of components of fixed points set 
of r other than C is (r — Z)/2 = 1. Hence r = 6, / = 4. On the other hand we can easily see that 
{Ei : < z < 5} generates a sublattice of M with rank 6 and discriminant 2^. Now the assertion 
follows. □ 

5.3. Lemma. Let N be the orthogonal complement ofM = H'^{X, Z)^*^^ in S. Then N is generated 
by the classes of Fi — Gi (1 < i < 5) and contains no {—2)-vectors. 

Proof. Since r(Fj) = Gi, the classes of Fj — Gi are contained in N. A direct calculation shows that 
their intersection matrix {{Fi — Gi, Fj — Gj))i<ij<4, is 

/-8 2 2 2 \ 

2-822 

2 2-82 
\ 2 2 2 -8/ 

whose discriminant is ±2^ ■ 5^. On the other hand, N is the orthogonal complement of M in S, 
and M (resp . S) has the discriminant ±2"^ (resp. ±5^). Hence the discriminant of N is ±2"^ • 5^. 
Therefore the first assertion follows. It follows from the above intersection matrix that N contains no 
(— 2)-vectors. □ 
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5.4. Lemma. Let r be a {—2)-vector in H'^{X,Z). Assume that r G M-^ in H'^{X,Z). Then 

Proof. Assume that {r.ujx) = 0. Then r is represented by a divisor. By Riemann-Roch theorem, 
we may assume that r is effective. By assumption i(r) = — r. On the other hand the automorphism 
preserves effective divisors, which is a contradiction. □ 

5.5. Lemma. Let P{M)^ be the connected component of the set 

{x e M® M : > 0} 

which contains the class ofC where C is the fixed curve ofr of genus 6. Put 

C{M) = {xe P{M)+ : (x, Ei) > 0, z = 0, 1, 5}. 

Let W{M) be the subgroup generated by reflections associated with {—2)-vectors in M. Then C (M) 
is a fundamental domain of the action ofW{M) on P{M)^ and 0(M)/{±1} ■ W{M) = where 
5*5 is the symmetry group of degree 5 which is the automorphism group ofC{M). 

Proof First consider the dual graph of Eq, E^. Note that any maximal extended Dynkin diagram 
in this dual graph is which has the maximal rank 4 (= rank(M) — 2). It follows from Vinberg 
El, Theorem 2.6 that the group W{M) is of finite index in 0(M) the orthogonal group of M. The 
assertion now follows from Vinberg |V|, Lemma 2.4. □ 

5.6. Lemma. Let W{M) be the subgroup ofO{M) generated by all reflections associated with neg- 
ative norm vectors in M. Then C{M) is a fundamental domain of the action ofW{M) on P{M)^. 
Moreover W{M) = W{M) ■ S^. 

Proof First note that W{M) C W{M) C 0(M). Let r = Ei - Ej {I < i < j < 5) which is a 
(-4)-vector in M. Since {Ei - Ej, M) C 2Z, the reflection defined by 

Sr : X X + (x,r)r/2 

is contained in 0{M). These reflections generate acting on C{M) as the automorphism group of 
C{M). Now Lemmal53]implies that 0(M) = {±1} ■ W{M). □ 

5.7. Lemma. Let C{X) be the Kdhler cone of X. Then 

C{M) = C{X)nP{M)+. 



Proof Since the class of C is contained in the closure of C{X), C{X) n P{My C C(M), and 
hence it suffices to see that any face of C{X) does not cut C(M) along proper interior points of 
C(M). Let r be the class of an effective cycle with = — 2. If r G Af, Lemma 1531 implies the 
assertion. Now assume i(r) 7^ r. Then r = (r + i(r))/2 + (r — i(r))/2. By Hodge index theorem, 
(r-t(r))2 < 0. Since = -2, this implies that ((r + i(r))/2)2 > Oor-1. \i {{r + L{r)) /2f > 0, 
again by Hodge index theorem, (x,r + i(r)) > for any x G C{M). Since l acts trivially on 
M, we have {x,r) > 0. If ((r + 6(r))/2)^ = -1, then (r, i(r)) = 0. Note that for any x e M, 
{x, r + 6(r)) = 2{x, r) G 2Z. Hence the (— 4)-vector r + ^(r) defines a reflection in W{M). It follows 
from Lemma I5!6l that (r + L{r),x) > for any x G C(M). Since l acts trivially on M, (r, x) > for 
any x G C{M). Thus we have proved the assertion. □ 
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5.8. An isometry of order five. Let a be the automorphism of X of order 5 induced by the auto- 
morphism given in 13. 2[ In the following Lemma 15^ we shall show that o* | T is conjugate to the 
isometry p defined as follows: 

Let e, / be a basis oi U = satisfying = p = 0, (e, /) = \. Let s, y be a basis of 

V = satisfying = -y^ = 2, ,) = 1, and le. e„ e,. e. be a basis of A, so .ha, 

ef = — 2, (cj, Cj+i) = 1 and other Cj and ej are orthogonal. 
Let Po be an isometry ofU®V defined by 

(5.1) po(e) = -/, Poif) = -e- f - y, po{x) = f - x, po{y) = 3f - x + y. 
Also let p4 be an isometry of defined by 

(5.2) p4(ei) = 62, P4(e2) = eg, p4(e3) = 64, P4(e4) = -(ei + 62 + eg + 64). 

Combaining po and p4, we define an isometry poiT = U ®V ® A^i® A4. By definition, p is of order 
5 and has no non-zero fixed vectors in T. Moreover the action of p on the discriminant group T* /T 
is trivial. Hence p can be extended to an isometry p (we use the same symbol) of H'^{X, Z) acting 
trivially on S (Nikulin LMU, Corollary 1.5.2). 

5.9. Lemma. The isometry a* is conjugate to p. 

Proof. By the surjectivity of the period map of K3 surfaces, there exists a K3 surface X' whose 
transcendental lattice Tx' is isomorphic to T. Moreover we may assume that cux' is an eigenvector of 
p under the isomorphism Tx' = T. Since p acts trivially on Sx', there exists an automorphism a' of 
X' with {a')* = p(|PS|). 

Since Sx' — S, there exist 16 (— 2)-classes in Sx' whose dual graph coincides with that of Ei, 
{0 <i < 5), Fj, Gk (1 < j,k < 5) on X in l3.2l We denote by i?-, Fj, G"^ these divisors corresponding 
to Ei, Fj, Gk- We shall show that if necessary by changing themhy w (El), w{Fj),w{G';^) for a suitable 
w e W{X'), all E-, Fj, G'^ are smooth rational curves. Consider the divisor D = 2E'q + E[ + E'2 + 
E'^ + E'^. Obviously D'^ = 0. If necessary, by replacing D by w{D) where w G W{X'), we may 
assume that D defines an elliptic fibration. Then D isa singular fiber of type Jg and E'^ (0 < i < 4) are 
components of singular fibers. Thus we may assume that E'^ (0 < i < 4) are smooth rational curves. 
Next consider the divisor D' = 2E'q + E[ + E'2 + E'^ + E'^. By replacing D' by w{D'), w G W{X') 
with w{El) = E[, < i < A, D' defines an elliptic fibration. Thus we may assume that all E'^ are 
smooth rational curves. Since \ F^ + G'^ \ = \ 2E'q + E[ + E'^ + E'^ + E'^ + E'^ - E'^ \, all F^, G[ are 
also smooth rational curves. 

Next we shall show that the incidence relation of E[, Fj, G'j^ is the same as that of E^, Fj, Gk- Obvi- 
ously E'q is pointwisely fixed by a'. Recall that a' acts on H^{X' , Vtx') non trivially. By considering 
the action of a' on the tangent space of E[ D E'q, a' acts on E'^ non trivially. Now consider the elliptic 
fibration defined by the linear system | 2Eq + E[ + E'^ + E'^ + E'^ + E'^ - E- \ with sections Fj, G'j 
(j 7^ i)- Since no elliptic curves have an automorphism of order 5, a' acts on the sections Fj and G'j 
non trivially. Note that a' has exactly two fixed points on each of E'-, F-, G'^, (1 < i, j, k < 5)- Hence 
F/ and G'^ meets at one point with multiplicity 2. Now we can easily see that not only the dual graph, 
but also the incident relation of F-, Fj, G"^ coincides with that of Fj, Fj, Gk- 
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Finally define the isometry l' of order 2 of Sy by l'{FI) = G[{l<i<b) and l'{E'^ = E[. Then 
i' can be extended to an isometry of H'^{X', Z) acting on Tx' as —It , as l.. By definition of l', it 
preserves C(M), and hence preserves the Kahler cone C{X) (Lemma p^ . By the Torelli theorem, 
there exists an automorphism r' with (r')* = l'. It follows from Nikulin |N3|, Theorem 4.2.2 that 
the set of fixed poins of r' is the disjoint union of Eq and a smooth curve of genus 6. By taking 
the quotient of X' by r', we have the same configuration as in l3.2[ Thus X' can be deformed to X 
smoothly and hence a* is conjugate to p. 

□ 

5.10. Lemma. Let e G T with = 0. Let K be the sublattice generated by p\e) {0 < i < 4). Then 
K contains a vector with positive norm. 

Proof. First note that e, p(e), p^(e) are linearly independent isotoropic vectors. Since the signature of 
T is (2, 8), we may assume that (e, ±p(e)) > 0. Then e ± p(e) is a desired one. □ 

5.11. Lemma. Letr G Twithr"^ = —2. Let R be the lattice generated by p'^ (r) {0 < i < 4). Assume 
that R is negative definite. Then R is isometric to the root lattice A^. 

Proof. Put nii = (r, p*(r)), 1 < i < 4. Then by assumption | rrii \< 1. Also obviously mi = 
m4, m2 = rris and J2i=o = 0- Then 

4 

-2 = = (r, - ^ p*(r)) = -2mi - 2m2. 

Hence (1711,1712) = (1, 0) or (0, 1). Therefore {p*(r) : < i < 3} is a basis of the root lattice A^. □ 

5.12. Lemma. Let R = A4 be a sublattice ofT. Assume that R is invariant under the action of p. 
Then the orthogonal complement R^ ofR in T is isomorphic to U (BV(B Ai^. 

Proof Let V be the orthogonal complement of R in T. Then T = R®T' or T contains i? © T' as a 
sublattice of index 5. We shall show that the second case does not occur. Assume that [T : R®T'] = 5. 
Thenar/ = {T')* /T' = (Fg)®^ because | At \ -[T : R®T'f =\Ar\-\ At' |. Let p' be an isometry 
of L so that p' \ T' = p \ T' and p' | (T')^ = 1. The existence of such p' follows from IInDI . 
Corollary 1.5.2. It follows from the surjectivity of the period map of K3 surfaces that there exists 
a K3 surface Y whose transcendental lattice isomorphic to T' and whose period is an eigen-vector 
of p' under a suitable marking. Since p' acts trivially on the Picard lattice (T')-*- of Y, p' is induced 
from an automorphism a'ofY. It follows from Vorontsov's theorem [Vo| that the number of minimal 
generator of At' is at most rank(T')/(y9(5) = 2 where (p is the Euler function. This contradicts the 
fact At' = (Fs)®"^. Thus we have proved that T = R®T' . Since qt' = qu®v®A4, the assertion now 
follows from Nikulin ftNlj, Theorem 1 .14.2. □ 

5.13. Discriminant locus. Let r E T with = —2. Let R be the sublattice generated by p*(r) 
(0 < 2 < 4). Assume that R is negative definite. Then i? = and the orthogonal complement of 
i? in T is isomorphic to T' = U (B V (B A4 (Lemmas 15.111 \5A2\i . Let p' be an isometry of L so that 
p' \ T' = p \ T' and p' \ (T')-*- = L Then there exists an K3 surface Y and an automorphism a' such 
that the transcendental lattice of Y is isomorphic to T', the period of Y is an eigen-vector of p' and a' 
acts trivially on the Picard lattice of F. By the same argument as in the proof of Lemma 15^ we can 
see that Y is corresponding to the case that = has a multiple root in l3.2[ 
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6. A COMPLEX BALL UNIFORMIZATION 
6.1. Hermitian form. Let ( = e^'^v^/s consider T as a free Z[C]-module A by 

(a + b()x = ax + bp{x). 

Let 

9 ^ 

h{x,y) = ---=J2C{x,p'iy)). 
5 + V5 

Then h{x, y) is a hermitian form on Z[C]-module A. With respect to a Z[^]-basis ei of ^4, the her- 
mitian matrix oi h \ is given by — L And with respect to a Z[C] -basis e of f/ ®V , the hermitian 
matrix oih\U ®V h given by (y^ — l)/2. Thus h is given by 



(6.1) 
Let 

be a linear map defined by 



2 








-1 









LP : A 



3 



y.(x) = ^(z + l)p^(x)/5. 



i=0 

Note that <y9((l — Qx) = ip{x — p(a;)) = — p^(x) G T. Hence (/? induces an isomorphism 
(6.2) A/(1-C)A~ Ar = T7T. 

6.2. Reflections. Let a G A with h{a,a) = —1. Then the map 

: V ^ V — (—1 ± C)^(^) ct)*^ 

is an automorphism of A. This automorphism has order 5 and R~ has order 10 both of which fix 
the orthogonal complement of a. They are called reflections. Consider a decomposition 

T = U®V®Ai®Ai. 

If a = Ci of the last component A4 as in ( 15.21) . we can easily see that 

Ra = ±Sei O Sea ° ■^eg ° 

where Sg. is a reflection in 0(T) associated with (— 2)-vector Cj defined by 
In other words, 

Since acts trivially on A^, R^ acts trivially on At ~ A/(1 — ^)A. On the other hand, R^ acts on 
At as a reflection associated with a = (ei + 2e2 + 863 + 4e4)/5 G Ay. 
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6.3. The period domain and arithmetic subgroups. We use the same notation as in 15. 81 Let 

T ® C = © T^2 © T(^3 © T^4 

be the decomposition of p-eigenspaces where C is a primitive 5-th root of unity (see Nikulin IIN2L 
Theorem 3.1). An easy calculation shows that 

e = ei + (C^+l)e2 + (-C-C')e3-Ce4 
is an eigenvector of p4 with the eigenvalue ( and 

On the other hand, 

p = e-(C^ + l)/ + (-C-C')(e + / + !/) -C(-e + /-x) 
is an eigenvector of po with the eigenvalue ^ and 

(p,p)=5(C^ + a. 

Thus if C = e^^'^^^/^, the hermitian form {uj, u)/5 on is of signature (1, 2) and is given by 



(6.3) 0-10 

\ 0-1^ 

For other C,, the hermitian form is negative definite. Now we take C, = and define 

(6.4) i3 = {^gP(T^) : (z,^) >0}. 

Then i3 is a 2-dimensional complex ball. For a (—2) -vector r in T, we define 

r 

where r runs over (— 2)-vectors in T. Let 

(6.5) r = {0GO(T) :0op = po0}, r' = {0 G r : I = 1}. 

6.4. Remark. The hermitian form h in (16.11) coincides with the one of Shimura ['S^, Yamazaki and 
Yoshida [YYJ. This and the isomorphism (16.21) imply that our groups F, F' coincide with F, F(l — p) 
in Yamazaki and Yoshida lYYI. 



6.5. Proposition. (1) F is generated by reflections R~ with h{a, a) = —1 and T' is generated by 
with h{a, a) = —1. The quotient T/T' is isomorphic to 0(3, F5) ~ Z/2Z x 5*5. 

(2) Ti/T' consists of 10 smooth rational curves forming 10 lines on the quintic del Pezzo surface. 



Proof. The assertions follow from the above Remark Ia41 and Propositions 4.2, 4.3, 4.4 in Yamazaki 
and Yoshida [TXI. □ 
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6.6. Discriminant quadratic forms and discriminant locus. Let 

qr: At ^ Q/2Z 

be the discriminant quadratic form of T. The discriminant group consists of the following 125 
vectors: 

Type (00) : a = 0, #a = 1; 
Type (0) : a ^ 0, qria) = 0, #a = 24; 
Type (2/5) : qria) = 2/5, #« = 30; 
Type (-2/5) : qria) = -2/5, #« = 30; 
Type (4/5) : qria) = 4/5, #« = 20; 
Type (-4/5) : qria) = -4/5, #« = 20. 

Let A4 be a component of T with a basis ei, 62, 63, 64 as in 15.81 Then (ci + 2e2 + 3e3 + 4e4)/5 = 
(ei2p(ei)+3p^(ei)+4p^(ei))/4 mod T is a vector in Ay with norm —4/5. It follows from Proposition 
16.51 that r/r' acts transitively on the set of (— 4/5)-vectors in At- Hence for each a E At with 
qrioi) = —4/5 there exists a vector r E T with = —2 satisfying a = {r + 2p(r) + 3p^(r) + 
4p^(r))/5. Moreover ±q; defines 

Ha = [^Hr 

r 

where r moves over the set 

{r eT -.r^ = -2,a = {r + 2p{r) + 3p'^{r) + Ap^{r))/5 modT}. 

Thus the set 

{ae At : qT{a) = -4/5}/ ± 1 
bijectively corresponds to the set of components of H/T'. Let 

f = {0eO(L) :0op = po0}. 

6.7. Lemma. The restriction map T ^ T is surjective. 

Proof. We use the same notation as in 13.21 The symmetry group S'5 of degree 5 naturally acts on the 
set {El, -E5} as permutations. This action can be extended to the one on S. Together with the 
action of l, the natural map 

0{S) ^ Oiqs) = {±1} X S, 
is surjective. Let g eT. Then the above implies that there exists an isometry g' in 0(5') whose action 
on As = At coincides with the one of g on At- Then it follows from Nikulin UNIL Proposition 1.6.1 
that the isometry (g', g) of S (BT can be extended to an isometry in T which is the desired one. □ 

6.8. Period map. We shall define an ^s-equivariant map 

p:Pl^ B/V 

calledthe period map. Denote by (Pf)° the locus ofdistinct five ordered points on Let {pi,...,prj} G 
(Pf )°. Let X be the corresponding K3 surface with the automorphism a of order 5 as in 13. 2[ The 
order of {pi, Ps} defines an order of smooth rational curves 

Ei, (0<2<5) F„G„ (1<J<5) 

modulo the action of the covering involution l. It follows from Lemma lS!9l that there exists an isometry 

a:L^ H^{X, Z) 
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satisfying a o p = a* o a. Now we define 

p{X,a) = {a(^CY\uJx). 

6.9. Lemma. p(X, a) eB\H. 

Proof. If not, there exists a vector r E T with = — 2 which is represented by an effective divisor 
on X as in the proof of Lemma l54l Obviously r + a*{r) + ■ ■ ■ + (cr*)^(r) = 0. On the other hand 
r + a*{r) + ■ ■ ■ + (a*)^{r) is non-zero effective because a is an automorphism. Thus we have a 
contradiction. □ 

Thue we have a holomorphic map 

The group S'5 naturally acts on Pf which induces an action on S as permutations of Ei, E5. On 
the other hand, S'5 = r/{±l} ■ T' naturally acts on B/T'. Under the natural isomorphism 0{qs) = 
0{qT) = {±1} • S5, p is equivariant under these actions of S'5. 

It is known that the quotient B/T' is compact (see Shimura We remark that cusps of B 

correspond to totally isotropic sublattices of T invariant under p. Hence the compactness also follows 
from Lemma |5.10[ 



6.10. Main theorem. The period map p can be extended to an S^-equivariant isomorphism 

p:Pl^ B/r. 

Proof. Let Ai be the space of all 5 stable points on and ^Ao the space of all distinct 5 points on P^. 
We can easily see that Ai \M.o is locally contained in a divisor with normal crossing. By construction, 
p is locally liftable to B. It now follows from a theorem of Borel HBorell that p can be extended to a 
holomorphic map from Ai to B/T' which induces a holomorphic map p from Pf to B/T'. Next we 
shall show the injectivity of the period map over (B \ H) /T'. Let C, C be two plane quintic curves 
as in 13. II Let (X, a) (resp. (X', a')) be the associated marked K?, surfaces with automorphisms r, a 
(resp. r', a'). Assume that the periods of (X, a) and (X', a') coincide in B/T' . Then there exists an 
isometry 

LP : H^{X',Z) H^{X,Z) 

preserving the periods and satisfying Lp o (r')* = r* ocp and ip o (cr')* = a* o^p (Lemma lOt . It follows 
from Lemma 1531 that cp preserves the Kahler cones. The Torelli theorem for K3 surfaces implies that 
there exists an isomorphism / : X ^ X' with /* = ip. Then / induces an isomorphism between the 
corresponding plane quintic curves C and C. Thus we have proved the injectivity of the period map. 

Since both Pf and B/T' are compact, p is surjective. Recall that both Pf \ (Pf)^ and H/T' consist 
of 10 smooth rational curves. The surjectivity of p implies that no components of Pf \ (Pf)^ contract 
to a point. Now the Zariski main theorem implies that p is isomorphic. By construction, p is S'5- 
equivariant over the Zariski open set (Pf)'^. Hence p is S5 -equivariant isomorphism between Pf and 
B/T'. □ 
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7. Shimura-Terada-Deligne-Mostow's reflection groups 

The plane quintic curve C defined by (13.11) appeared in the papers of Shimura [S|, Terada [T^, 
Deligne-Mostow LDM|, and the moduli space of these curves has a complex ball uniformization. As 
we remarked, the hermitian form (16.11) coincides with those of Shimura lISj, Terada llTbl . Deligne- 
Mostow llDMI (see Remark lOT) . This implies 

7.1. Theorem. The arithmetic subgroup V is the one appeared in Deligne-Mostow' s list UDMI : 

/2 2 2 2 2\ 
V5' 5' 5' 5' ■ 

A geometric meaning of this theorem is as follows. Recall that X has an isotrivial pencil of curves 
of genus two whose general member is the smooth curve D of genus two with an automorphism of 
order 5 given by the equation (13.31 ). The X is given by 

= Xo{xl - /5(Xi,X2)) 

where Xi/x2 is the parameter of this pencil. On the other hand, we consider C as a base change 
C ^ pi given by 

{v,Xi,X2) iXi,X2). 

Then over C, = /5(xi, X2) and hence the pencil is given by 

= Xo{xl + v^) 

which is nothing but the equation of the curve D. Thus the K3 surface X is birational to the quotient 
of C X D by an diagonal action of Z/5Z. This correspondence gives a relation between the Hodge 
structures of C and X. 

7.2. Problem. Let /Xj be a positive rational number {0<i<d + lori = 00) satisfying J2i = 2. 
Set 

ph. d+1 
Fghix2,...,Xd+l)= / -1)-^^ J] (M-Xi)-'^'rfM 

■^9 i=2 

where g,h E {00, 0, 1, 0:2, Xd+i}. Then Fgh is a multivalued function on 

M = {{xi) e {F'f^' \xi^oo, 0, 1, Xi ^ X, {i ^ j)}. 

These functions generate a (d + 1) -dimensional vector space which is invariant under monodromy. 
Let r(^.) be the image of 7ri(M) in FGh(d + 1, C) under the monodromy action. In Deligne-Mostow 
IDMII and Mostow |Mo|, they gave a sufficient condition for which r(^.) is a lattice in the projective 
unitary group PU (d, 1), that is, r(^.) is discrete and of finite covolume, and gave a list of such (/ij) 
(see for the correction of their list). 

Denote Hi = fi'^/D where D is the common denominator. As remarked in Theorem 17. 11 in the case 
D = 5, r(^-) is related to K3 surfaces. In case of D = 3, 4 or 6, r(^-) is also related to K3 surfaces 
(see IIK2I . IIK3L IDGKI ). In these cases, the corresponding K3 surfaces have an isotrivial elliptic 
fibration whose general fiber is an elliptic curve with an automorphism of order 4 or 6. 

For the remaining arithmetic subgroups r(^.) with D > 6 in the Deligne-Mostow's list, are they 
related to K3 surfaces ? 
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